Pro pevties o4 i daalg

For twig g,e,c,hm/\) et R be a ViV\j w/ l'oh.nh'l‘j [+ 0.

ugualllj we define Spedific ideals o R b’\j ‘hg’ww'.“j
o Waﬁhj set.

Def: Lt A SR he o qubswet

—_—

1) Lt (A) be Twsmallest ideal of R wnbaining A,
Called twe idaal Wa+cd ) A e (A)=IQAI (722".’%{'
o ideal /%;jq/‘,
2') | £ A={‘7‘}) i-¢. it tmsisty o a sf\nf)(x, 2l 4, J
write  (A) = (&) ¢ T-(a) for some aeR it'g

Called a Em’l«cipa( ideal. e-g- (M=

) £ Aig finite e A= {a,,.-.,a%I wrrite (A)=(a,,.,an),
£ T has a finike g,M/IUrOL'('fV\j ek, it's called o

{‘—im((—ehj g}/vuura{-cd ideal.

,_\) Define RA== {hal“'“* Ra,| € R) Q;C-A}

v eR, a;eAE
J
r,s e R, QJGAE

SI'VV\\'IO.V[H) AR : -‘_"{atlfl" T ALk,

ovnd RAR:= Eh A S + -t 34,5,

NDJ\'C 'h/\a+ all T\M. fums  Qave \Cl'mﬁ"( s .

Romarvk: By conshruchion, RA is clogd wmduw v btvecchon.



I+ SeR omd Wa +-- tha,6 RAl M
s(Vlal +"'#thm) = (.Sh)al .- +<S"h)am & R

Taus, RA 15 a [eft idaal. dimilavly, AR 15 a m‘\a]l/d- fdeal,,
aved RAR is om  rdudl.

Claim: RAR = (A). ie RAR s Twe ideal gorumated by A.

PE By defmitin, (A)= (VT 1t aeh, hun aslaleBAR

T om ideal
ACT

Thus, A QRAR) $v (A) C RAR.

| ;k‘ﬂ‘afgi ¢ RAR Twm sinee (B) is am ‘deal, ";G;S;C-(/\)J
5o e sum is ag well. = RAR =(A). O

£ R s commutabive, Men RA =AR =RAR = (A).

RM'- (£ R is commutatve, >Rt oany <lement
oA Ca) is of T form at...+h & = (Vlf---.ﬂfh)q,
That (g, (a) = {Va ( e R% (This doesn't hecessavily wovk iha

honcommuy tehye ring. )

I tuis case, be(a)E h=ra, pureR < (b) € (&),
“a divides b"

Cx:ln /Z} () =n/, and 4=2-2 = 4¢ (2’) = Cq) gC?/).



Ex: Consider tue ideal (2, x) € 7(%) s tuis a princ pal
(d.w‘? [ e. Aoves (:FC”‘))= CZ,’X) , v s jc('x)GZC’O?

| £ S0,

.2‘ ch g e 9 &/ZE"(-}_ —n".us) F hecs O(.Ljv\ez, O) ond
s Paus eifer  flor 20 But x¢(2) amd (2]) =7(7),

S0 (2:") i$ hnot pvi’mipal.

Def: (ot T and T be ideals o R
ael, beT}

D) Tae sum o T oamd T 06 T +Ti=pa+b

2.) The product o T amd T ig LTJ, Me st o finite sumg
ot elomumts o T fovm ab, with aeLl, beJ

Note Twat T, J €T +J. lw fuck, T+) i twe ideal 4omuated
l%ﬂ elemunmts of T and J.

Note twat #%=3a;L,¢ TT, Twem x ¢ LOJ. Twat is LT ST
A

inT

They e he gqual, hut not alway

Ex: Let T=20) T=(0) m7

Tom T +JT =§arloL | abes

Sine  Ga+lob - 2(3ars)e (2) ¥ ab, we know I +J<(2)



Moke,ovev) 2 = ‘Cz's + 10 2 e T +J. WMSJ ('2') QI+:]:J o
T+J = (2).

TT- 10 Zeal0b | aisbie 2l =fooe] ce 2} = (00)

AS e Hined abovg) i€ am l'Cf.z,ql i% 8,cw4,-a+ed b]j ‘J i+ ig all
o R. In fadt, we have Tue ﬁ;l(d\,uip\j:

’PV——EV—: Let T he anideal o R TMew T =R & T cowtaing a wmit

Pf: (£ T =R, Mum 16T, lonveniely, it ue T, a umit, T
uv=1, some v, 5o uv=1€6L. = V reR r=(-rel.

Twus L =R. D

Sine all twe nohzero elenuwnts of a field aGre umits, we,je{—
Twe *ﬁ)l(owiv\:]:

Cov: et R be commutative. R is a field < its owly ideals
are 0 a4 R

Pt: 1+ Rig a field TCR o ideal, e if T containg some
nowrero elarmaent, it's R. Ohwvwiceit's O.

Conversely, [+ tue anly ideals ave 0 ad R, tovside aeR
we lwohzuwo lement.  Than (&)'—‘R. Thus '=4L>J$om \onZ,



Thus a ¢ o wat. O

Sinee lernels ok howmomorphisms ave iduals, £ F is a 'Fff-(dj R a
ln'mj) Twan Oy hdvmomuvphf%w "f): F"R 'ﬂ% ‘) hawe
kevmd O ov B 1 The bund 16 0, ity ivo‘ed'ive. [£ T
kevie | i6 F, ity Tw zZtw map That is...

(_',2}/.‘ AIAU howze Lo l'ufWLOVhOrphf{Wl tom a feld i& I'\ndbbﬁve.

Maxima] (deals

We falked a little qbout ‘maximal qrups” n goup Meory lu
lft'l/lj 'f'lA.L,ow], Mmaximg| ideals }Olaa a vevy I'VMPOH'GMA* wle,

@{: An ideal M ' o V"V‘:'j R i a Mmaximal l'CQLal i & M#‘R
ood Twe ovll\»] i deals wwlmimivlj M are M and R.

Ex: |£ F ig a \Cfe[d) tm 0 is  twe Uhlg maximal ideal.

[ g,uuwal, it com be Jifficult b heck OUI/‘C.(,{'(B usiv\j e
definition whetner onc ideal (5 Maximal. Luckily, fov ommutotive
rings, we have The Followitxj Chriteyign:

'P_mgai Assume R is commutative. Twe idaal M is maximal it
amd only ot R/M is o feld.



P SulopoS( M i maximal. Bﬂ twe lattice isomor phisma Taovem
(‘.‘.)J e omly ideale o RBAu are those of tue fovm
I/M) wWhwre T2M. Tuws, P4 has idals Y =0, omd

R Tows, This o feld

le R/M is a field, Then, d’w{- as  above, Tue mly ideals ww('aih\i;j
M are R o M. Ting M i Mmaximal O

Remark: ¥ R i o Fing w/ |, hun any  idual L is cowntained

in ot least ove maximal fdeal. Twe proof (which we won't

SEVe) wses €ovh's Leaw e -

Ex: As menhoed in T last gechun, twe anly  tdeals of 7 ave

Twose ol Tue fovim h X C= Ch\) nZ iy maxwal
it and cm(f) i %72 s o field. Ty [ twe cage TF and

uv\lna it W ip prive

&1 CZ,") < ZC’Q s Mmaximal : [f fe /YCX_)J e _J:=6a\r—lJ
éepwld;\,v o Whe ey m tonstont term is odd o~ evm,

So ZD%;:)E %76 is o field.

Prime  ideals

We've  beey h/\fl/nkf‘"ﬁ about moamy o twe Mﬂm”rm’Ws/}oroPﬂrﬁés



\rg,[ah'v\xj o Vfg asjmll'%qhm ol . S\'W\"\"‘Vllj, we  Com
?w.wa(i?e Twe  pohly ot “PV"W\-QN—&&“.

Move S{uohcicqlhjj a prime im{-e:ja,r p tow be dharacterized la\:]
e property Tat  f P divides  mn, Ten  p divides m or h.

.\_D_&(:: £ R i Lommu Taive | PcRR anm idaal, P iz a privae
e it P#*FR amq if mneR b mweP) tan,

meP o wneP

Ex: Whidh ideals A o W ave pvivw;_?. Suppese.  ab € nd
Thers o divides ab. We conn  conclucle a o b € 0wl if ad
only # w5 prime. That s T prime idgly of 7 are
exoctly Those W{-d log a prime elemunt. Note Twat in This

Cose, e howze o prima iduals ave e.xacﬂfj The Wmoxial  (daeals.

An iW\PoH-o,vH- PVDPW#:'] o pw'wu, foLalS i% Twat i we  mod out
by twam, e condition Tramclates to e ring ["M"”tj ho Zewo
divigors. That s :

—n/wovwm: Let P\ la-L . Lommytative Viv\J) ?QR o idegl, ﬂu/v\
P prime f omd onlb P& R/P i§ am l’vd-ijm( dowain.

?_-6: let o dlenote aPPeR/P- Lt e R,



Note ot ¥ =0 & v +P=D+Pe= r ¢ P

—

Tus, i€ P is prime, ab =0 = acP or beP = 2=0o b=0.
T'-FOJS.’V\QL P#—'R) So P‘/p g o fh{;(jv-al deovmain,

|+ Il»/P I8 O fvd-(\cjm( U(,UW\aiv\) £ aloeP) e

a2 =0,
50 o =0 ov E=OJ<(D oe P ov lo&P R/P ¢OJ so PR,
Taws P iz privae. T3

%

We sany, et in T cose o e ivd-cg-er_g, LSO s prime
= L s Mmaximal. Whilg ‘h/\ia s hot usu\allv ™Mo case v o

arlm'fvuwj HV\.j' oV iW\p(l'cah'\S\'\ Q(WOAJS holds:
Coyollarﬂt VE R wmmutative, evury maximal tdeal s privac.

Ef.‘ = M g W\ax\'mal) T R/M 14 « TC:'Q(O[ ovd g ow\l'Vﬂ‘\CjVa(
d,UW\qiw. —D\‘V‘-A M & PYI“V\A-L D

Ex: Considur () C7T[x). mﬂ/m U s (i pring, but

ot maximal.

Howave, (x) Q(D[:?‘] 1S maximal.

Move W““_"]I (x) € R(xD i prime < R is am ih+t<¢]m[ domain,
od  maximal @ R s o f&eld.



