
 PropertiesotidealI
For this section let R be a ring w identity 1 10

Usually we define specific ideals of R by describing
a generating set

Def let A ER be a subset

1 Let A be thesmallest ideal of R containing A
called the ideal generated by A i e A f I Gen

I 2A this se
anideal Efsa912 If A a i e it consists of a single element I

write A a If I a for some a c R it's
called a principal e.g l R

3 If A is finite i e A a an write A Ca an

If I has a finite generating set it's called a

finitedida
4 Define RA ha t than ri e R ai C A

Similarly AR a ht tanh ri cR ai cA

and RAR ha s t trans hi sie R ai cA

Note that all the nuns are finite sums

Remark By construction RA is closed under subtraction



If SER and ha t than G RA then

s r a t than Sr a t sun an ER

Thus RA is a left ideal Similarly AR is a rightideal
and RAR is an ideal

Claim RAR A i e RAR is the ideal generatedby A

PI By definition A f I If a c A then a l a l cRAR
I anidealAEI

Thus A ERAR so A E RAR

If Eiriaisi c RAR then since A is an ideal rialSi C A

so the sum is as well RAR A D

If R is commutative then RA AR RAR A

Remark If R is commutative a c R then any element
of a is of the form hat trna r t the a

That is a ra l te R thisdoesn'tnecessarilywork in a
noncommutative ring

In this case b c a b ta somereR Es b E a

a divides b

Ex In 2 n uz and 4 2 2 te 2 t E z



Ex Consider the ideal 2 E Xcx Is this a principal
ideal i e does fad 2 for some f x cRED

If so 2 fg some g cRED Thus t has degree 0 and
is thus either It or I 2 But x z and Il RED
so 2 X is not principal

Def let I and J be ideals of R

1 TheSrem of I and J is It Ji atb a c I bc J

2 The pwduct of I and J is IT the setof finite sums
of elements of the form ab with ac I bc J

Note that I J C I J In fact Itt is the ideal generated

by elements of I and J

Note that if X Eabic IT then x c I AJ That is IT EIAJ
in Ring

They core be equal but not always

Ex Let I G J lo in 7

Then I J Gatto b I a b c 7

Since Ga lob 2 3 at Sb E Z t a b we know I JEG



Moreover 2 6.3 1002 C I J Thus 2 C It J so
I J Z

I J EGailobi l ai bi ER Goc Cet 60

As mentioned above if an ideal is generated by 1 it is all
of R In fact we have the following

Pwd Let I be an ideal of R Then I R I contains a unit

PI If I R Then I c I Conversely if u c I a unit then
UV I some V so UV I C I t r c R r l r c I

Thus I R D

since all the nonzero elements of a field are units we get
the following

Cer let R be commutative R is a field its only ideals

are O and R

PI If R is a field I E R an ideal then if I contains some

nonzero element it's R Otherwiseit's 0

Conversely if theonly ideals are O and R consider a c R
some nonzero element Then a R Thus I _ab somebeR



Thus a is a unit D

sincekernels of homomorphisms are ideals if F is a field R a

ring then any homomorphism 4 f R has to have
kernel O or F If the kernel is 0 it's injective If the
kernel is F it's the zero map That is

Cer Any nonzero homomorphism from a field is injective

Maximal ideals

We talked a little about maximal groups ingroup theory the

ring theory maximal ideals play a very important role

Def An ideal M in a ring R is a maximal ideal if M 12
and the only ideals containing M are M and R

Ex If F is a field then 0 is the only maximal ideal

In general it can be difficult to check directly using the
definition whether an ideal is maximal Luckily for commutative

rings we have thefollowing criterion

Pep Assume R is commutative The ideal M is maximal if
and only if PYM is a field



PI Suppose M is maximal By the lattice isomorphismTheorem
the only ideals of RIM are those of the form

Ilm Where I 2M Thus Pym has ideals Mlm 0 and

PYM Thus PYM is a field

If PYM is a field then just as above the only ideals containing
µ are R and M Thus M is maximal D

Remark If R is aring w 1 then any ideal I is contained

in at least one maximal ideal The proof which we won't

give uses Zorn's lemma

Ex As mentioned in the last section the only ideals of Tl are
those of the form h12 ul HR is maximal
if and only if 4h12 is a field This is the case if and

only if he is prime

Ex 2 E Xcx is maximal If f E 7Cx then I Fort
depending on whether the constant term is odd or even

So 7 Kz is a field

Primeideals

We've been thinkingabout many of the definitions properties



relating to ring asgeneralizations of Tl Similarly we can

generalize the notion of primness

More specifically a prime integer p can be characterized by
The property that if p divides mu then p divides morn

Def If R is commutative PER an ideal P is a prime
ideal if P R and if m n c R s t mu cP then
MEP on NEP

Ex Which ideals n7 of 2 are prime Suppose abent
Then he divides ab We can conclude a or b C HR ifand

only if h is prime That is the prime ideals of 2 are

exactlythose generated by a primeelement Note that in this
case the nonzero prime ideals are exactly the maximal ideals

Animportant property of prime ideals is that if we mod out

by them the condition translates to the ring having no Zero
divisors That is

Theorem Let 12 be a commutative ring PER an ideal Then
P is prime if andonly if Rtp is an integral domain

PI let a denote at PERIP let ve R



Note that F O r P Otp r c P

Thus if P is prime Tao J a c P or bc P I O or 5 0
T't 0 since P R So Pip is an integral domain

If is an integral domain then if ab EP a5 0
so I o or 5 0 so a c P or bcP 0 so Pt R

Thus P is prime D

O

We saw that in the case of the integers IER is prime
I is maximal While this is not usually the case in an

arbitrary ring one implication alwaysholds

Corollary If R is commutative every maximal ideal is prime

PI If M is maximal then Rlm is a field and thus an integral

domain Thus M is prime D

Ex Consider x CXcx 2 I 7 so G is prime but
not maximal

However x C x is maximal

More generally G ERCD is prime R is an integral domain
and maximal R is a field


